
C
om

puter
aspects

of

statistical
sim

ulation

P
eter

S
estoft(sestoft@

dina.kvl.dk)

D
epartm

entofM
athem

atics
and

P
hysics

R
oyalV

eterinary
and

A
griculturalU

niversity

Frederiksberg,D
enm

ark

M
onday

16
A

ugust1999
D

ina
P

hD
S

um
m

erschool
P

age
1

S
im

�

ulation
of

hom
og

enous
M

arko
v

chains

� �
�� �

� �
�� �

�� �
	� 


�

�

T
he

index
set�

is
discrete.

�

T
he

transition
m

echanism
is

the
sam

e
from �

� �



to �
�� �

as
from �

� �



to �
� .

T
his

perm
its

a
sim

ulation
algorithm

ofthe
form

:

x
[
0
]

=
x
0
;

/
/
i
n
i
t
i
a
l
s
t
a
t
e

f
o
r

(
i
n
t

n
=
0
;
n
<
n
m
a
x
;

n
+
=
1
)

x
[
n
+
1
]

=
q
(
x
[
n
]
)
;

w
here�

is
the

transition
m

echanism
:

a
(non-determ

inistic)
‘function’ofthe

previous
state
� ��

only.

T
his

sim
ulates

a
finite

prefix� �
�� �
�� 


� �
��
��

�

ofthe
chain.

B
ecause

ofthe
M

arkov
property,w

e
need

notstore
allelem

ents
ofthe

chain:

x
=

x
0
;

/
/
i
n
i
t
i
a
l
s
t
a
t
e

f
o
r

(
i
n
t

n
=
0
;
n
<
n
m
a
x
;

n
+
=
1
)

x
=
q
(
x
)
;

M
ain

question:
H

ow
to

program
the

transition
‘function’�

?
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C
ase

A
1:

A
finite

state
space� �

� �
� 


� �

�

A
ssum

e
w

e
have

the
transition

m
atrix �

�
� �� :

�
�

�        !
� ��
� �	
� �"

###
� �$

� 	�
� 		
� 	"

###
� 	$

� " �
� " 	
� ""

###
� " $

...
...

...
...

...

� $
�

� $
	

� $
"

###
� $$

%&&&&&&&&'

G
iven �

� �
( ,how

choose �
�� � �

�� (� ?
E

xam
ple:� � ) �

� * 
*+
� * 
,*� * 
**� * 
++
� * 
,*� .

M
ake

the
size

ofa
state

proportionalto
its

probability,pick
a

pointatrandom
and

go
to

the
indicated

state:

1
2

4
5

In
general:

D
raw

a
random

-

from

.� *� �
� ,the

uniform
distribution

on� *� �
� ,

then
take�� (�

to
be

least/

such
that

� � � 0
###0

� �� 1
-

M
onday

16
A

ugust1999
D

ina
P

hD
S

um
m

erschool
P

age
3

S
traightf

orw
ard

im
plem

entation:
linear

search

d
o
u
b
l
e

u
=
M
a
t
h
.
r
a
n
d
o
m
(
)
;

i
n
t

j
=

0
;

d
o
u
b
l
e

p
s
u
m

=
0
;

w
h
i
l
e

(
p
s
u
m

<
u
)

{

j
+
=
1
;

p
s
u
m

+
=
p
(
i
,
j
)
;

}

W
hen

the
loop

term
inates,p

s
u
m �

� � � 0
###0

� �� 1

u
,and

j
is

the
least/

for
w

hich
this

holds.

T
he

Java
‘function’M

a
t
h
.
r
a
n
d
o
m
(
)

draw
s

a
random

-

from

.� *� �
� .

O
n

average,the
loop

requires �
2 ,

iterations
to

determ
ine/

.
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D
oing

3
it

efficientl
y:

binary
search

P
recom

pute
a

table
ofthe

cum
ulative

transition
probabilities

� 4�� �
� � � 0

###0
� ��

then
use

binary
search

in
the

table� 4� )

to
find

the
least/

for
w

hich� �� 1
-

:

d
o
u
b
l
e

u
=
M
a
t
h
.
r
a
n
d
o
m
(
)
;

i
n
t

j
,
l
e
f
t

=
1
,

r
i
g
h
t

=
K
;

w
h
i
l
e

(
l
e
f
t

<
=
r
i
g
h
t
)

{

j
=
(
l
e
f
t
+
r
i
g
h
t
)
/

2
;

i
f
(
u

<
p
c
[
i
]
[
j
]
)

r
i
g
h
t

=
j
-
1
;

e
l
s
e

i
f
(
p
c
[
i
]
[
j
]

<
u
)
l
e
f
t

=
j
+
1
;

e
l
s
e

i
f
(
l
e
f
t

=
=
j
)

r
i
g
h
t

=
l
e
f
t

-
1
;

e
l
s
e

r
i
g
h
t

=
j
;

}j
=

l
e
f
t
;

H
alves

the
distance

from
l
e
f
t

to
r
i
g
h
t

in
each

iteration,hence
requires

atm
ost567 �

iterations
to

find/

.

W
hen�

�
�***

this
m

eans
10

iterations
(instead

of500).

M
onday

16
A

ugust1999
D

ina
P

hD
S

um
m

erschool
P

age
5

E
xam

ple:

8

if� � ) �
� * 
*+

� * 
,*� * 
**� * 
++
� * 
,*�

then� 4� ) �
� * 
*+

� * 
,+
� * 
,+
� * 
9*� �
**�

then

C
um

ulative
transition

probability

6
5

4
3

2
1

0

1

0.8

0.6

0.4

0.20

N
ote

thatthe
transition(:

;

w
illnever

be
taken.
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C
ase

A
2:

A
discrete

(countab
le)

state
space� �

� *� �
� ,
� 


�

G
iven �

� �
( ,how

choose �
�� � ?

A
ssum

e
w

e
have

a
probability

density
function< �

on�

given�
� �

( .
W

e
draw

a
random

-

from

.� *� �
� ,then

take�� (�

to
be

least/

such
that

< �
� �
� 0

###0
< �

� /� 1
-

In
generalw

e
cannotprecom

pute
and

tabulate
the

cum
ulative

transition
probabilities.
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C
ase

B
:

C
ontin

uous
state

space� �
� *� 0

=
�

G
iven �

� �



,how
choose �

�� � �
�� 
� ?

A
ssum

e
w

e
have

the
cum

ulative
distribution

function >�
?�:

� *� �
�

on �

given �
� �




.

W
e

draw
a

random

-

from

.� *� �
� ,then

take�� 
�

to
be

the
least@ A

�

for
w

hich>�
� @� 1

-

.

T
his

is
justw

hatw
e

did
in

the
discrete

cases
A

1
and

A
2.

S
ince>�

is
m

onotone
w

e
can

alw
ays

define
its

‘low
er

inverse’> B
�

�

and
take�� -� �

> B
�

�
� -� .

S
om

etim
es > B

�
�

� -�

can
be

com
puted

efficiently.
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A
g

eneralization:
M

etropolis-H
astings

chains

i
n
t

x
=

x
0
;

f
o
r

(
i
n
t

n
=
0
;
n
<
n
m
a
x
;

n
+
=
1
)
{

y
=
q
(
x
)
;

/
/
P
r
o
p
o
s
a
l
s
t
a
t
e

y

i
f
(
M
a
t
h
.
r
a
n
d
o
m
(
)

<
a
l
p
h
a
(
x
,
y
)
)

/
/
A
c
c
e
p
t

y
a
s

n
e
x
t

s
t
a
t
e
?

x
=

y
;

}

If� A
� *� �
� then

M
a
t
h
.
r
a
n
d
o
m
(
)

C
�

w
ith

probability�

.

In
the

specialcase
w

hereD� 
�@� �
�

w
e

geta
M

arkov
chain.

T
he

M
etropolis-H

astings
algorithm

is
used

in
M

arkov
C

hain
M

onte
C

arlo
(M

C
M

C
)

sim
ulations

(nextw
eek).
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O
nline

M
etropolis-H

astings
tool

A
collection

ofJava
applets

ath
t
t
p
:
/
/
w
w
w
.
d
i
n
a
.
k
v
l
.
d
k
/
~
s
e
s
t
o
f
t
/
s
t
a
t
/
m
c
m
c
e
.
h
t
m
l

W
hen

the
state

space
is

m
ulti-dim

ensional(e.g. � �
E 	)

then
the

state
is

a
vector F
 �

� 
�� 
	� .
In

single-com
ponentM

etropolis-H
astings

(S
C

M
H

)
the

state
vector

is
updated

one
com

ponentata
tim

e.

T
he

sim
ulation

setup
is

the
sam

e
regardless

ofstate
space �

and
its

dim
ension.

In
general,w

e
only

need
to

specify
the

initialstate

F
�

and
the�

andD

functions.

C
ase

A
1:

F
inite

state
space

M
arko

v
chain

(class
T
r
a
n
s
i
t
i
o
n

)

M
ustspecify

the
cum

ulative
transition

probabilities� 4�� �
G

�H I
� � �H :

d
o
u
b
l
e
[
]
[
]

p
c
=

n
e
w
d
o
u
b
l
e
[
K
]
[
K
]
;

/
/
K
-
b
y
-
K
m
a
t
r
i
x

p
c

=
.
.
.

n
e
w

S
C
M
H
(
n
e
w
T
r
a
n
s
i
t
i
o
n
(
p
c
)
,
x
0
)
;

W
hen

a
l
p
h
a

is
notspecified,itdefaults

to
1

(thus
giving

a
M

arkov
chain).
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C
ase

A
2:

D
iscrete

(countab
le)

state
space

M
arko

v
chain

M
ustspecifyJ� (�/� �

< �
� /� ,the

transition
probability

from
state(

to
state/

:

E
xam

ple:

c
l
a
s
s

P
o
i
s
s
o
n
t
e
x
t
e
n
d
s

M
H
d
p
a
r
a
m
{

d
o
u
b
l
e

p
i
(
i
n
t
i
,
i
n
t

j
)

{
.
.
.
}

}.
.
.

n
e
w

S
C
M
H
(
n
e
w
P
o
i
s
s
o
n
t
(
)
,
x
0
)
;

A
bove

p
i
(
i
,
j
)

com
putesJ� (�/� .
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C
ase

B
:

C
ontin

uous
state

space

E
xam

ple:� �
E 	

M
ustspecify�

andD

:

c
l
a
s
s

T
w
o
N

e
x
t
e
n
d
s
S
C
M
H
p
a
r
a
m

{

d
o
u
b
l
e

q
o
b
s
(
i
n
t
i
,
d
o
u
b
l
e
[
]
x
t
)

{
.
.
.
}

d
o
u
b
l
e

a
l
p
h
a
(
d
o
u
b
l
e
[
]
x
t
,
i
n
t

i
,
d
o
u
b
l
e
y
i
)

{
.
.
.
}

}.
.
.

n
e
w

S
C
M
H
(
n
e
w
T
w
o
N
(
)
,
x
0
)
;

A
bove,q

o
b
s
(
i
,
x
)

proposes
a

new
value@ �

for
the( ’th

com
ponentofstate


,

and
a
l
p
h
a
(
x
,
i
,
y
)

is
the

probability
w

ith
w

hich@ �

is
accepted,given

previous
state


.
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C
om

puting
derived

quantities
from

M
arko

v
chains

T
he

avera
g

e
proportions

of
0’s

and
1’s

i
n
t

z
s
=

0
,
o
s
=

0
;

i
n
t

x
=

x
0
;

f
o
r

(
i
n
t

n
=
0
;
n
<
n
m
a
x
;

n
+
=
1
)
{

x
=
q
(
x
)
;

i
f
(
x

=
=
0
)
z
s

+
=
1
;

i
f
(
x

=
=
1
)
o
s

+
=
1
;

}

N
ow

the
proportion

of0’s
is
z
s
/
n
m
a
x

,and
thatof1’s

is
o
s
/
n
m
a
x

.

M
ore

concise
and

efficient:

i
n
t
[
]

f
r
e
q

=
n
e
w
i
n
t
[
K
]
;

/
/
S
t
a
t
e

f
r
e
q
u
e
n
c
i
e
s

i
n
t

x
=

x
0
;

f
o
r

(
i
n
t

n
=
0
;
n
<
n
m
a
x
;

n
+
=
1
)
{

x
=
q
(
x
)
;

f
r
e
q
[
x
]
+
=

1
;

}

N
ow

the
proportion

of( ’s
is
f
r
e
q
[
i
]
/
n
m
a
x

.
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D
istrib

ution
of

first
tim

e
in

state
1

W
e

m
ustsim

ulate
m

any
chains:

i
n
t

w
s
u
m

=
0
;

f
o
r

(
i
n
t

s
=
1
;
s
<
=
s
m
a
x
;

s
+
=
1
)
{

/
/
P
e
r
f
o
r
m

s
m
a
x
s
i
m
u
l
a
t
i
o
n
s

i
n
t
n

=
0
;

i
n
t
x

=
x
0
;

w
h
i
l
e

(
x
!
=
1
)

{

x
=

q
(
x
)
;

n
+
=

1
;

}w
s
u
m

+
=
n
;

}

T
he

com
puted

average
w

aiting
tim

e
isKL

-M
2 LM

N


.
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W O

aiting
tim

e
till

absorption

A
stateN

is
absorptive

if� �� �
�

.

T
he

setofP

absorptive
states

isP �
� NA

�
Q � �� �

�
�

T
his

program
fragm

entm
ay

be
used

to
estim

ate
the

w
aiting

tim
e

tillabsorption:

i
n
t

w
s
u
m

=
0
;

f
o
r

(
i
n
t

s
=
1
;
s
<
=
s
m
a
x
;

s
+
=
1
)
{

i
n
t
n

=
0
;

i
n
t
x

=
x
0
;

w
h
i
l
e

(
x
n
o
t
i
n

A
)
{

x
=

q
(
x
)
;

n
+
=

1
;

}w
s
u
m

+
=
n
;

}

N
ote:

w
hen

the
expected

w
aiting

tim
e

is
infinite,this

program
m

ay
loop

forever.

T
he

conditions
for

this
can

be
detected

by
analysing

the
transition

m
atrix

(w
hich

is
used

w
hen

defining� ).
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